We study the money-in-the-utility-function model in which agents are heterogeneous in their initial wealth. We show that the Friedman rule is not optimal even if the government uses non-linear income taxation for redistribution. A positive nominal interest rate raises social welfare since it relaxes the incentive compatibility constraint of highly endowed agents. Although the model is close to da Costa and Werning ("On the optimality of the Friedman rule with heterogeneous agents and nonlinear income taxation", Journal of Political Economy, 2008(116), 82-112) who investigate skill heterogeneity, the role of the nominal interest rate here di¤ers from the one in their model.
Introduction
A major goal of monetary policy analysis is to obtain the optimal policy rule. A number of authors investigate the optimality of the Friedman rule of setting the nominal interest rate to zero in representative agent models. Chari and Kehoe (1999) , for example, show that the Friedman rule is optimal in most of the basic monetary models without frictions.
On the other hand, Schmitt-Grohe and Uribe (2004) investigate a model with imperfect competition and show that a positive nominal interest rate works as a tax on rent and it raises welfare. Heer (2003) and Arseneau and Chugh (2007) consider models with search frictions and they also show that the Friedman rule is not optimal.
Recently da Costa and Werning (2008) (henceforth DW) have developed a heterogeneous agent monetary model in which each agent has di¤erent skill level and it is private information. They show that when the government can use incentive-compatible nonlinear income taxation for redistribution, the Friedman rule is optimal. A redistribution through the expansionary monetary policy does not improve social welfare in their model. While they made signi…cant contributions to the analysis of monetary models with heterogeneous agents, we do not know much about how monetary policy should respond to di¤erent kinds of heterogeneity, just as Kocherlakota (2005) pointed out. This paper investigates the money-in-the-utility-function model in which each agent is heterogeneous in her initial wealth and the level is private information. As in DW, the government uses incentive-compatible non-linear income taxation for redistribution. The set-up is almost the same as DW and the only di¤erence is that we investigate wealth heterogeneity while DW study skill heterogeneity. 1 Our model has two types of agents, highly endowed agents and poorly endowed agents.
They are identical ex-ante, but they receive idiosyncratic shocks on their wealth at the beginning of period 0. The government maximizes the expected utility of the originally identical agents by choosing nonlinear income taxation (…scal policy) and the nominal interest rate (monetary policy).
In our model, the …rst best allocation follows the Friedman rule, but it is not incentivecompatible. At the …rst best setting, agents work the same amount of time and their wealth is perfectly redistributed, since the government wants to equalize their marginal utilities of consumption and also their marginal disutilities of labor. Thus poorly endowed agents receive higher labor income than wealthy agents, even though their labor supply is the same. The wealthy agents therefore have an incentive to understate their type.
The paper shows that even if the government can use the incentive-compatible income tax for redistribution, deviations from the Friedman rule raise social welfare. This result is contrary to DW's …nding. A positive nominal interest rate is welfare-improving because it relaxes the incentive constraints of highly endowed agents. Although it generates a consumption-labor distortion, this negative e¤ect is negligible if the interest rate is around zero.
To understand how the nominal interest rate a¤ects the incentive constraint, let us compare a poorly endowed agent with a highly endowed (rich) agent who claims to be poor. Although they receive the same labor income, the rich agent wants to hold money more than the poor agent. Since the nominal interest rate makes money more costly, it lowers the utility gain from deviating the truthtelling strategy and it relaxes the incentive constraint of the rich agent. Here the nominal interest rate plays a role of a penalty for misreporting.
In DW, the same mechanism does not work. In their model with skill heterogeneity, the incentive constraints of high-skilled agents are binding. However, if a high-skilled agent understates her type, her money holding is the same as that of the low-skilled agent whom she mimics. Therefore the positive nominal interest rate cannot relax the incentive constraint of the high skilled agent.
There is a growing list of papers which investigates the optimality of the Friedman rule in heterogeneous agent models. Bhattacharya et al. (2004 Bhattacharya et al. ( ,2005 and Ireland (2005) analyze models in which agents are di¤erent in their monetary satiation levels or in their endowment levels. They …nd that a positive nominal interest rate has a distributional e¤ect and it can be welfare improving. Palivos (2005) studies an OLG model in which agents are heterogeneous in the degree of altruism towards their children. He also shows that in ‡ation has a distributional e¤ect and it raises social welfare.
The limitation of these papers is that in their models, the government can only use lump-sum tax. If the redistributive …scal policy is available, monetary redistribution may be unnecessary or even be harmful. In this paper, we show that even if the government can use a strong …scal instrument for redistribution, the nominal interest rate is e¤ective However, their formula on the optimal commodity tax rates is complex and it is not clear exactly when the optimal commodity tax rate is nonzero. Hence, we cannot directly apply their results to our monetary model. The rest of the paper is organized as follows. Section 2 describes the model. Section 
Preferences
Time is discrete and denoted by t = 0; 1; 2; ::: 1: There is a continuum of agents with measure one. They are ex-ante identical and their instantaneous utility function is
where c is consumption, m is money in real term, l is work time, u is the utility of consumption and money balance, g is the disutility of labor. The preferences of the ex-ante homogeneous agent over consumption c t , real money balance m t and labor l t are
where < 1 is a discount factor.
The utility function u is concave, twice continuously di¤erentiable and strictly increas- Therefore no agent wants to hold money more than the threshold level (c). If r = 0, then m = (c) at the optimal. We assume that the consumption good and money are normal goods and that u(c; (c)) is strictly concave in c.
The disutility of labor g is twice continuously di¤erentiable, strictly increasing (g 0 (y) > 0), strictly convex (g 00 (y) > 0) and it satis…es g (0) = 0. Production is characterized by a linear technology and one unit of labor produces one unit of single good. Here we assume that each agent has identical skill. This assumption is di¤erent from DW.
Wealth shock
In this subsection, we introduce wealth heterogeneity in our model. The ex-ante identical agent receives a mean zero idiosyncratic shock on the initial endowment of real bonds. The level of the wealth shock is private information of each agent and is described by a parameter , which is equal to the initial value of real bonds. The parameter can take only two values, H > 0 and L < 0, and it is independently distributed across
Pr ( = L ) = L > 0 denote the probability distribution of . Since the wealth shock is mean zero,
In what follows, we call an agent who receives the shock as an agent . By the law of large numbers, the probability i (i = H; L) is equal to the ex-post density of agent i (see Albanesi and Sleet (2006) ).
Intertemporal optimization problem
This subsection describes the intertemporal optimization problem of agents. After receiving the wealth shock, each agent reports her shock parameter to the government according to the reporting strategy ( ) : ! . We determine later.
If an agent reports^ as her type, the government assigns an allocation fx t (^ ); y t (^ )g 1 t=0
to her, where x t is labor income and y t is labor supply in period t. Labor tax in period t is therefore equal to T t (^ ) = y t (^ ) x t (^ ). The government also determines the nominal interest rate in each period as the monetary policy.
Now we consider the intertemporal optimization problem of the agent with the reporting strategy^ . Let V (^ ; ) denote her value function. The agent solves
where M t+1 is nominal balance held between times t and t + 1, p t is the price level, m t = M t+1 =p t is the real balance, B t is the real value of government bond holdings that mature at the beginning of time t, and R t is the real rate of return on the bonds. Equation (4) is the budget constraint and Equation (5) is the labor assignment by the government.
The nominal interest rate is given by i t = R t =(p t =p t+1 ) 1, where p t =p t+1 is the rate of return on money. From the arbitrage condition R t p t =p t+1 , i t 0. The initial wealth of agent is heterogeneous in real bonds B 0 ( ), but not in money M 0 ( ).
We impose the transversality conditions on money and bonds for every agent:
Using (7), we can consolidate the sequence of budget constraints:
where
In the present value budget constraint (8), q t is the price of good in period t and r t is the opportunity cost of holding money. The reporting strategy ( ) is determined by
In what follows, we call r t = i t = (1 + i t ) as the nominal interest rate, instead of i t itself. Obviously there exists a one-to-one correspondence between r t and i t . Formally, the government policy is de…ned as follows.
is an allocation of labor, income, and the nominal interest rate.
Here x t ( i ) and y t ( i ) are labor income and labor supply of an agent who reports i as her type, respectively. The third term r t is the nominal interest rate.
We also de…ne the stationary policy.
De…nition 2 A stationary government policy is a time-independent government policy fX; Y; rg
Stationary equilibrium
In this subsection, we follow DW and characterize the stationary equilibrium with price 
The government policy fX; Y; rg 1 t=0 is incentive-compatible if and only if
If the policy satis…es (10), each agent adopts the truth-telling strategy ( ) = . It follows from (9) that the incentive constraint (10) holds if and only if
From the revelation principle, we can concentrate our attentions on incentive-compatible government policies. If a stationary policy fX; Y; rg 1 t=0 is incentive-compatible, the value function of an agent is equal to
Optimal government policy
In this subsection, we formalize the optimal government policy. In what follows, we call an agent with wealth shock H ( L ) as individual H (individual L). The government maximizes the expected utility of the ex-ante identical agent,
The government maximizes E [V ( ; )] by choosing the nominal interest rate and the incentive-compatible income taxation. The government expenditure is a constant G > 0.
The budget constraint of the government in period t is given by 
Substituting (13) into (12) yields the following resource constraint:
At the equilibrium, the budget constraint of the government (12) coincides with the feasibility constraint. Formally, we de…ne the optimal policy as follows.
De…nition 3
The optimal (stationary) government policy fX; Y; rg 1 t=0 is a policy which maximizes the expected utility of agents E [V ( ; )] subject to the incentive compatibility constraint (11) and the feasibility constraint (14) .
In this section, we characterize the …rst best allocation without the incentive constraints and shows that the allocation satis…es the Friedman rule but it violates the incentive compatibility of the highly endowed agents. For simplicity, we let x i = x ( i ), y i = y ( i ),
Optimality of the Friedman rule
In this section, we set-up the optimization problem of the government. Here the government maximizes social welfare only subject to the budget constraint. Let c c (v; r) and m c (v; r) denote the compensated demand function for consumption and money when the required utility is v and the nominal interest rate is r. These functions are de…ned as Following Mirrlees (1976) and Ebert (1992), here we express the problem of the government by using the compensated demand functions:
where v i is the utility of individual i from consumption and money and y i is her labor supply. In the problem (15), the nominal interest rate r does not a¤ect the utility v i g (y i ) and it only tightens the resource constraint. Note that c c r (v i ; r) = @c c (v i ; r)=@r > 0, because if money is costly, consumption has to be raised to achieve the same utility v i .
Therefore the optimal nominal interest rate is equal to zero.
Violations of incentive constraints
In this subsection, we explain the reason why the …rst best allocation is not incentivecompatible. First we characterize the allocation. If r = 0, then the Lagrangian is
where is the Lagrange multiplier on the resource constraint. The …rst order conditions on v i and y i are given by At the …rst best allocation, labor income of individual H is lower than that of individual L, although they work the same amount of time. This is because the government wants to redistribute their endowments perfectly through the income taxation. Therefore, in this case, individual H has an incentive to understate her type. The …rst best allocation does not satisfy the incentive constraint.
In this section, we obtain the optimal and incentive-compatible …scal and monetary policies and show that the nominal interest rate is strictly positive at the optimal.
Set-up
This subsection de…nes the problem of the government. Let us denote the expenditure function by e(v; r) = c c (v; r) + rm c (v; r). 4 The problem is written as follows:
where (16) is the resource constraint, (17) is the incentive constraint of individual H, (18) is the incentive constraint of individual L and (19) is the non-negativity constraint on the nominal interest rate. Since individual i spends i from her wealth each period, her utility is equal to v i if her labor income x i is x i = e (v i ; r) i .
The constraint (17) is explained as follows. If individual H truthfully reports her type, her total expenditure (labor income plus wealth) is x H + H = e (v H ; r) and her utility is equal to the left hand side of (17) . On the other hand, if the agent claims to be individual L, then her expenditure is equal to
Hence her utility is equal to the right hand side of (17).
Relaxed problem
This subsection shows that the incentive constraint of individual L is not binding. Let us consider the following problem (P 0 IC ) without the incentive constraints of individual L: (17) and (19) :
The Lagrangian of the relaxed problem
where , , and are the multipliers on the resource constraint, incentive constraint and the non-negativity constraint of the nominal interest rate, respectively. The …rst order conditions with respect to y H and y L are written as
Equation ( on her utility and the other one ( g 0 (y H )) on the incentive constraint (17). 5 The sum of these e¤ects is equal to the shadow value of consumption H . Equation (21) can be explained similarly, but labor of individual L has a positive e¤ect on (17) . Equations (20) and (21) together imply
Individual L works harder than individual H although they have the same skill, since labor supply of individual H is more costly if the government cares the incentive constraint.
Next we compare the labor income of individual H ,
Since the constraint (17) is binding, we have
Since y H < y L , we get x H < x L . Individual H receives lower labor income than individual L. These results lead to the following proposition.
.
Therefore the two problems (P IC ) and (P 0 IC ) coincide.
Proof. See appendix.
In what follows, we investigate the relaxed problem (P 0 IC ).
Non-optimality of the Friedman rule
In this subsection, we show that the Friedman rule is not optimal. Here we use the following lemma which is derived from the envelope theorem.
Lemma 1
The following holds. 
Proof. See Appendix.
The …rst order condition on the nominal interest rate, @L=@r can be written as
where ! = H L > 0 is the di¤erence in wealth. The …rst and second terms denote the e¤ect of r on the resource constraint (16) and on the incentive constraint (17), respectively.
The third term 0 is the multiplier on the nonnegativity constraint on r.
The …rst term Proposition 2 The Friedman rule is not optimal.
Proof. In equation (27), the …rst term is zero and the second term is strictly positive.
Hence @L=@r > 0 if r = 0.
Role of positive nominal interest rate
In this subsection, we explain why a positive nominal interest rate raises social welfare.
On the contrary, suppose that an optimal government policy Z follows the Friedman rule.
We derive a contradiction by following four steps below.
1) Find a policy Z 1 such that r > 0 and the utility of agents is unchanged from Z.
2) Show that Z 1 satis…es the resource constraint and the incentive constraint.
3) De…ne a policy Z 2 by changing the labor allocations of Z 1 to increase welfare.
4)
Show that Z 2 satis…es feasibility and incentive compatibility. The problem for individual L* is that she holds money more than individual L whom she mimics and the income compensation is not su¢ cient to cover the consumption reduction. 6 Thus Z 1 reduces the utility of individual L* and it relaxes the incentive constraint.
Note that Z 1 satis…es the incentive constraint of individual L if r is small, since it is not binding under Z.
Here individual H works less harder than individual L (y H < y L ) since labor of individual H tightens the incentive constraint and then it is more costly. Now suppose that the government reduces individual L's labor by dy= L > 0 and raises individual H's labor by dy= H > 0, where dy > 0 is constant. For su¢ ciently small dy, this policy change satis…es the feasibility and the incentive compatibility. Such a redistribution of labor supply from individual L to individual H is welfare-improving, since it contributes to equalize the disutilities of labor across agents. In other words, it lowers the expected disutility of labor, L g (y L ) + H g (y H ). This contradicts the assumption that Z is the optimal government policy.
In DW, the same mechanism does not work. In their model, the incentive compatibility constraints of high skilled agents are binding. However, if a high skilled agent underreports her type, her money holding is exactly the same as that of the low skilled agent whom she claims to be. The nominal interest rate cannot relax the incentive constraint and then it cannot increase social welfare (see DW for detail).
In this paper we investigate the money-in-utility-function model where agents are heterogeneous in their initial wealth. We show that a deviation from the Friedman rule increases social welfare since a positive nominal interest rate relaxes the incentive constraints. Kocherlakota (2005) raises a question about how monetary policy should respond to various kinds of agent speci…c shocks. Although the wealth shock considered here is simple, this paper provides some insight into his question. This paper could lead to a better understanding of monetary policy analysis in a heterogeneous agent model.
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A Proof of Proposition 1
Since v is strictly concave, for k and K such that K > k 0, we have is binding.
B Proof of Lemma 1
First, since v (x; r) = max m u(x rm; m), the envelope theorem implies equation (24).
Next, we apply the envelope theorem to the expenditure function e(u; r) = min (c;m) (c+rm)
to get (25). Finally, di¤erentiating c c (v; r) + rm c (v; r) = e (v; r) with respect to r yields (26).
